Abstract. We prove the Hyers-Ulam-Rassias stability of the Davison functional equation f (xy) + f (x + y) = f (xy + x) + f (y) for a class of functions from a ring into a Banach space and we also investigate the Davison equation of Pexider type.
Introduction
In 1940, S. M. Ulam [17] raised the following problem for the stability of Cauchy equations: given a group F , a metric group E with a metric d(·, ·) and an > 0, find δ > 0 such that, if f : F → E satisfies d(f (xy), f (x)f (y)) ≤ δ for all x, y ∈ F , then there exists a homomorphism g : F → E such that d(f (x), g(x)) ≤ for all x ∈ F . In 1941, D. H. Hyers [6] affirmatively answered this question when F and E are Banach spaces. In 1978, Th. M. Rassias [14] generalized the result of Hyers. This Phenomenon is called the Hyers-Ulam-Rassias stability of Cauchy equations. This terminology is also applied to other functional equations. The result of Rassias [14] was further generalized by Rassias [15] , Rassias and Semrl [16] , Gǎvruta [4] and many authors (see [8, 13] ). The case of the stability of Pexider equations was investigated by J. Chmieliński and Tabor [2] . For more details of the Hyers-Ulam-Rassias stability of all kinds of functional equations, we refer the reader to [7, 11, 12] .
During the 17th ISFE, T. M. K. Davison [3] introduced the functional equation
and asked for the general solution if the domain and range of f are assumed to be (commutative) fields. W. Benz [1] proved that every continuous solution f : R → R (the set of reals) of (1.1) is of the form f (x) = ax + b, where a and b are arbitrary constants. Recently, R. Girgensohn and K. Lajkó [5] obtained the general solution of the Davison functional equation (1.1) without any regularity assumptions on f . They proved that every solution f : R → R of (1.1) has the form
where A : R → R is an additive function and b ∈ R is an arbitrary constant. S. -M. Jung and P. K. Sahoo [9, 10] proved the Hyers-UlamRassias stability of the Davison functional equation (1.1). In this paper, using the direct method, we obtain some generalization of the above theorems and investigate the functional equation (1.1) of Pexider Type.
Stability of Davison equation
Throughout this paper, we denote by F a ring with the unit element 1 and by E a Banach space. Let ϕ :
for all x, y ∈ F , then there exists a unique additive function A :
Proof. If we replace y by y + 1 in (2.1), we have
for any x, y ∈ F . Thus it follows from (2.1) and (2.3) that
for all x, y ∈ F . Replacing y by 4y in the last inequality, we obtain
for all x, y ∈ F . From (2.1) and the last relation we get
for all x, y ∈ F . If we replace x by x − y in the above inequality, then we get
for every x, y ∈ F . If we substitute 3x for x in the last inequality, we have
for any x, y ∈ F . If we replace y by −x in (2.4), we have
for every x ∈ F . If we replace y by 0 in (2.4), we have
for every x ∈ F . If we replace x, y by 2x, −x, respectively in (2.4), we have
for every x ∈ F . From (2.5), (2.6) and (2.7),
for every x ∈ F . If we substitute 2 n−1
x for x in (2.8) and divide by 2 n−1 the resulting inequality, then
for all n ∈ N and x ∈ F and
for all m, n ∈ N and x ∈ F . The hypothesis just before this theorem
} is a Cauchy sequence for x ∈ F and thus converges.
Therefore we can define A : for every y ∈ F . If we replace x, y by 2x, −x, respectively in (2.4), we have
for every x ∈ F . From (2.10), (2.11), (2.12) and (2.13), 
for every x, y ∈ F . From the hypothesis just above this theorem and the definition of A, we obtain
for every x, y ∈ F . Since A(2x) = 2A(x), we obtain
for every x, y ∈ F . It remains to show that A is uniquely determined. Let B : F → E be another additive mapping satisfying (2.2). Then
for every x ∈ F . Taking the limit (2.15) as n → ∞ we obtain 
for all x, y ∈ F and ψ is a function such that
for all x, y, z ∈ F , then there exists a unique additive function A :
for all x ∈ F , where
Proof. If the functions f, g, h, k : F → E satisfy (2.16), then by setting y = 0, x = 0 and x = 1 separately in (2.16), we obtain for all x ∈ F .
